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Abstract

The preservation of endangered languages is a widely discussed issue nowadays.
Languages represent essential cultural heritage and can provide valuable botanical,
biological, and geographical information. Therefore, itisnecessary to develop efficient
measures to preserve and revitalize endangered languages. However, the language
shift process is complex and requires an interdisciplinary approach, including
mathematical modeling techniques. This paper develops a new mathematical model
that extends previous works on this topic. We introduce the factor of ethnic identity,
which is a proxy for a more complex nexus of variables involved in an individual’s
self-identity and/or a group’s identity. This proxy is socially constructed rather than
solely inherited, shaped by community-determined factors, with language both
indexing and creating the identity. In our model, we divide speakers into groups
depending on with which language they identify themselves with. Moreover, every
group includes monolinguals and bilinguals. The proposed model naturally allows us
to consider cases of language coexistence and describe a broader class of linguistic
situations. For example, the simulation results show that our model can result in
cyclic language dynamics, drawing a parallel to cell population models. In this way,
the proposed mathematical model can serve as a useful tool for developing efficient
measures for language preservation and revitalization.
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AHHOTAUA

CoxpaHeHHEe HCYE3aIONINX SI3BIKOB SIBISIETCSA IMPOKO OOCYXkIaeMoil mpolieMoit
B HacTosmlee BpeMs. SI3BIKH MPENCTABISIIOT COO0H Ba)XHOE KYJIBTypHOE Haclenne
YU MOTYT IIPEIOCTaBUTh IICHHYI0 0OTaHWYECKYI0, OMOIIOTHYECKYI0 U reorpadude-
ckyto mH(popmammio. Iloatomy HeoOxommmo pa3paboTarh 3(PPEKTUBHBIE MEpPHI
[0 COXPAHEHHIO M BO3POXKJICHHUIO MCYE3AIONINX SI3BIKOB. OJTHAKO TPOIIECC CMEHBI
SA3bIKa CJIOXKCEH U Tpe6yeT MCKAUCHUITTIMHAPHOI'O IMOAXO0J4a, BKIOYas METOAbI Ma-
TEMAaTUYECKOr0 MOJIeIupoBaHus. B 3Tol cTarbe pa3pabaThiBacTCsl HOBas MaTema-
THUYECKasi MOZETb, KOTOpasi pacIIupseT NpeAblIyIre paboTel MO 3TOH TeMe. MBI
BBOJIUM (aKTOp ITHUYECKOW MACHTHYHOCTH, KOTOPBIN SIBIISIETCS IPOKCH IS Ooliee
CJIOKHOM CBSI3M MEPEMEHHBIX, BOBJICUCHHBIX B CAaMOUICHTU(UKAIIUIO YeJIOBeKa W/
WJIM UJIEHTUYHOCTh TPYIIIBL. DTOT MPOKCH COIMAILHO CKOHCTPYHUPOBAH, a HE TOJIb-
KO YHaclJieZIoBaH, C(OPMHUPOBAH (pakTOpaMu, OINpPEeIIeMbIMH COOOIIECTBOM, MPH
ATOM SI3BIK KaK WHICKCHPYET, TaK U CO3/aeT WJACHTUYHOCTh. B Hamreld Momenn Mol
JIEJIMM TOBOPSIIIUX Ha TPYIITHI B 3aBUCUMOCTH OT TOTO, C KAaKUM SI3BIKOM OHHU CeO0st
nneHTuGuIupyIoT. boiee Toro, Kaxkaas rpymnmna BKIIOYaeT MOHOJIMHTBOB U OVITUHT -
BOB. [Ipemmaraemas Moiens €CTeCTBEHHBIM 00pa30M TO3BOJIIET HAM paCCMaTPHUBATh
ciIydyan COCYHICCTBOBAHUSA SI3BIKOB M OIMMCHIBATH Ooiee H_II/IpOKI/Iﬁ KJIacC SI3BIKOBBIX
cutyauuid. Hanprumep, pe3yabTarsl MOAECIUPOBAHMS IOKA3BIBAIOT, YTO HAIIA MOJIEIb
MOYKET MPUBECTU K IIUKJIMYCCKON SI3IKOBOW JIMHAMUKE, TPOBOJIS Mapajliesib ¢ MO-
JICJISIMU KJIETOYHOH momyssiiuu. TakuM oOpasoM, mpejjiaraeMasi MareMaTudecKas
MOJICTIb MOJKET CIIYKUTh TOJIE3HBIM HHCTPYMEHTOM ISl pa3paboTKu 3P PEeKTUBHBIX
Mep [0 COXPAHEHUIO U BO3POXKICHUIO S3bIKA.

KuaroueBbie ci10Ba: MareMaTn4ecKkoe MOICITUPOBAHKE, S3BIKOBOW CIIBUT, SI3BIKOBAs
KOHKYPEHIIUS, S3BIKOBOE COCYIIECTBOBAHHME, MCUE3AIONIUE S3bIKH, BO3POXKICHUE
SI3bIKA, ITHUYECKAs! MICHTUIHOCTh, CAMOHICHTHYHOCTb, TPYIIIIOBas HIEHTHYHOCTD,
IUKITNYecKas TUHAMAKA

Jast umTupoBanusi: AMmocoB [[.A., Ddenmues fl., ['peroons JI. MogenupoBanwe
SI3BIKOBOTO CABUTA Ha OCHOBE MACHTHUHOCTH. Apxmuka XXI eex. 2025, T. 39, Ne 1.
C. 6-18. DOI: 10.25587/2310-5453-2025-39-1-6-18
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Introduction

The preservation of endangered languages is a highly relevant topic in
the modern world. Languages are not only an important cultural heritage [1]
but also a source of botanical, biological, and geographical information [2, 3].
Therefore, the development of effective measures for their preservation and
revitalization plays an essential role. However, language shift is a complex
process that requires careful study with an interdisciplinary approach.
Understanding the influence of various factors on the extinction of languages
is the key to their preservation and revitalization [4, 5].

Mathematical modeling can be a helpful tool in studying the process of
language shift. It allows us to identify the key factors influencing language
extinction and to predict language dynamics. There are many works devoted
to the development of mathematical models of language shift. However, the
model proposed by Abrams and Strogatz is fundamental [6]. The main idea of
this model is to determine the probability of transition from one language to
another depending on the status of the language and the number of speakers.
Subsequent works are mostly devoted to extending this mathematical model
to account for various factors such as geography, population growth, and
bilingualism [7, 8, 9, 10, 11, 12, 13].

However, the mathematical modelsnotedabove predictthe disappearance
of bilinguals when one of the monolingual populations disappears. Therefore,
they predict that only one language survives over the course of a significant
time period. At the same time, it is believed that coexistence is possible
[14]. To account for such a case, Kandler et al. introduced the “Diglossia
model” [15, 16]. In this model, there are additional linear decay terms for
each language and linear growth terms for the bilingual population. Such a
modification is motivated by social pressure.

In this paper, we propose a new mathematical model that extends
previous works and allows us to consider a broader class of language scenarios,
including language coexistence. We introduce the factor of ethnic identity, a
proxy for more complex variables shaping an individual’s self-identity and/
or a group’s identity [17]. Ethnic identity is socially constructed rather than
solely inherited, shaped by community-determined factors, with language
both indexing and creating the identity [18, 19]. In our model, we have two
groups of speakers identifying themself with one or another language. In
each of these groups, there are both monolingual and bilingual populations.
Transitions can occur from one language to another (through the bilingual
stage) and from one identity to another. The obtained mathematical models
can naturally consider language coexistence scenarios. Moreover, our model
can describe cyclic language dynamics, which makes a connection with cell
population models.
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The paper has the following structure. In Section 2, we provide a
brief review of previous mathematical models of language shift. Section 3
describes our proposed mathematical model. In Section 4, we present results
and discussions. Finally, Section 5 presents conclusions.

Review of previous works

Mathematical modeling of language shift has gained popularity with
the seminal paper by Abrams and Strogatz [6]. In their work, the authors
consider two languages (A and B) and denote the population percentages with
and, where . The dynamics are governed by the equations

da
Ttl = a, PlZ(al'S) — aq P21(a2’1 - S) )
)]
da
d_tz = a1P21(a2,1 - S) - azplz(all S)'

Here, refers to the probability that an individual speaking language B
converts to language A, and is the opposite. The parameter refers to the status
of the language A. Typical expressions for and are and, .

The next generalization of this model includes adding various spatial
dynamics, as proposed by Patriarca et al. in [7, 8]. Note Equation (1)
includes the dynamics in time only. This includes adding various diffusion
and convection terms that disperse the population over a region. The latter is
important, but we will not dwell on this. For simplicity, we denote them by .

da
d_tl = a,Py5(ay,5) — a1 Pyy (a1 —5) + Fi(ay, ay),
()
da
d_fz = a1P21(a2,1 - S) — azplz(al, S) + ?Z(all aZ)'

The next generalization includes adding population growth, as
proposed by Kandler and Steele in [9], modeled by logistic growth functions
with certain carrying capabilities (maximum allowed growth). These results
are further generalized by varying capacities and making probabilities to be
nonlinear functions, as demonstrated by Isern and Fort in [10].

The next set of major generalizations came with the introduction of
a model of bilingual population by Mira and Paredes in [11]. The bilingual
population is denoted by, and the model problem is the following (we factor
in spatial dynamics terms in these equations, which were contributed by other
authors)



APKTUKA XXI BEK. Nel (39) 2025

da,

E = (az + ag)Plz(al, S) - a1 (P21(a2’1 - S) + P31(a2'1 - S))

+ ‘7:1 (all a, a3);

d
i (a1 + a3)Py(az, s) — az(Piz(ay, s) + Psy(ay, s))
dt 3)

+ Fy(aq, ay, az),

da
d_t3 = a1P31(a2'1 — S) + a,P3,(ay,s) — azPiy(ay, s)

- a3P21(a2, S) + T3(a1, az, a3).

Here, are probabilities going from to . Note that the authors assume that
speakers can switch between languages A to B and also between monolingual
to bilingual. Later, Minett and Wang assumed that one can switch between
monolingual to bilingual only and modified this model [12].

Later generalizations involve various spatial dynamics terms for
bilingual population, addition of logistic growth models, and introduction of
spatially dependent coefficients that can change in some regions (see the work
of Castell¢6 et al. in [13]).

These models led to the fact that only one language survives over the
course of a significant time period. It is believed that coexistence is possible
[20]. Kandler et al. introduced the “Diglossia Model” by adding linear decay
terms for each language and, as a compensation, linear growth for the bilingual
population (the terms with coefficients) [15, 16]. The latter is argued using
social pressure. The model equation has the following form. We repeat this
model here, which assumes some simplifications for transition probabilities
(we ignore logistic growth terms for simplicity).

10 —
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da,
E = —y21a2a1 + y13a3a1 - W1a1 + :]:1(a1;a2;a3);
da,
E = —ylzalaz + y23a3a2 - Wzaz + :7:2 (all az, a3))
4)
das
a (V21 + Vi2)a1a; — (Y1304 + Va3az)a3 + wiag

+w,a, + Fz(ay, az, az).

These models may lead to the coexistence of mono- and bilingual
speakers via the terms in .

Proposed mathematical model

In our model, we divide the population into two groups. The members
of Group 1 ethnically identify with language A, and the members of Group 2
ethnically identify with language B. We introduce the factor of ethnic identity,
which serves as a proxy for a more complicated nexus of variables involved
in an individual’s self-identity and/or a group’s identity. Ethnic identity is
not simply determined by inheritance but is a socially constructed category
involving other social variables including race, gender, social class, and status;
[17] provides an overview. Which variables are relevant is largely determined
by the community or communities involved in the identification. This proxy
is used to account for not only inherited (genetic) identity but also ties that
can be created by an individual who self identifies with a given group.

There are known ties between language and identity, with language at
once used to index identity and also to be a marker of that identity. Language
can index not only ethnic identity in the strict sense, but also social class
or group membership [21, 22]. Moreover, identity can be created through
language [23].

Note that members of each group may speak the other language or be
bilingual. Thus, members of Group A may speak Language B and vice versa.
We introduce the following notations:

« — the percentage of language A speakers identified as Group 1;

* — the percentage of language A speakers identified as Group 2;

* — the percentage of language B speakers identified as Group 1;

* — the percentage of language B speakers identified as Group 2;

* — the percentage of bilinguals identified as Group 1;

* — the percentage of bilinguals identified as Group 2.
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Next, we illustrate the transition between different categories in Fig. 1.
For simplicity, we ignore some terms and denote by dashed lines the weak
transitions, which will also be ignored. The corresponding equations are (5).
This model can easily be enhanced by adding spatial dispersion terms, logistic
growth terms, and diglossia terms.

cd*al, b2*al, al%ad

al a2
1 T £1%al bl*a, al"a2 | T
| e I
I
\ I
— | |
| al"kl ! 1"l al'cd | e2*a2
| a1%a1 | a2*h |
P |
I |
i c1'a2, b2*el, 1’2 |
cl 2
| c2*al,c2"bl, el"c2 |
I
| c1'bl b1*al £2*b b'al
b1%c1 bl

b — —

| b1%e2, b1va2, bk,

bi

bl #

| b2l b2*al, b'b2

Fig. 1. [llustration of main transitions between different categories. The dashed line
refers to a weak transition and will be ignored. Some connections depend
on several factors that are separated by a comma. The model is simplified

Puc. 1. MnmrocTpariyisi OCHOBHBIX MEPEXOI0B MEXKAY Pa3IUIHBIMU KaTeTOPUSIMH.
[TyHKTHpHAs TUHUS OTHOCHUTCS K ClTabOMy Mepexoay u OyleT HTHOPUPOBATHCSL.
HexoTopsie CBsI31 3aBUCAT OT HECKOJIBKUX (PaKTOPOB, KOTOPBIE Pa3/eleHbI 3aIlsTOM.
Mogens ynpouieHa
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day _ Z 74 7% a,b, — 2%, a.b

ar a1c11C1 + 22010201 + Lgop1A201 — Zg1p2010;
a

—Za1c201C2 + Xg14201 a2,

da,

I a a a a
dr Za1c201Co + Zg1pp01by — Zgpe1 Q501 — Zgppia,bq

—Zg2p202b7 — Z430202C7 — Xg14204 05

db, b b

E = Zprc1baC1 + Zg1p201b — Zgip1a1by — Zpge1bicq
—ZD1cabicy — Z85p1a2b1 + Xp1pabi by, )
de _ b b b

E = Zp1c2b1Ca + Zgap102b1 + Zppeabycy — Zyp 1 by

b
—Zg1p201b2 — Xp1p2b1 by,

dcy

—_ C
P Za1p101b1 + Zp1c1b1€1 — Zg16101C1 + Z 510204 C;

C C C
+Zp1c2b1C2 — Zg20102C1 — Zppc1b261 + Xe1¢2€1C2,

dc,

—_ C
_dt = Zgop2Qzby + Z 5020207 — Zppeobycy — Zg10004C;

C C C
—Zp1c2b1Ca + Zgp0105C1 + Zppe1bac; — Xe1c2€1 6.

In the next section, we will present numerical results and show that our
proposed model can capture various language scenarios.

Results and discussion

In this section, we present some numerical results obtained by
simulations of the proposed model (5). Note that a comprehensive numerical
analysis of the model is beyond the scope of this paper. We consider the

— 13 —
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interaction between a bilingual population and a monolingual population of
language A (with the disappearance of a monolingual population of language
B). As we previously noted, most models assume the disappearance of the
bilingual population in such cases.
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Fig. 2. The dynamics of language A and bilinguals over time.
The figure shows cyclic motion

Puc. 2. J/Ilunamuka si3pika A ¥ OWJIMHTBOB C TCYCHHEM BPEMECHU.
Ha pucyHke mokazaHo IIUKINYECKOE JTBUKCHUE

We present the results for different sets of coefficients of the proposed
model in Fig. 2 and 3. One can see that our model can predict different scenarios
for the coexistence of the bilingual population and the monolingual population
of language A. For example, our model can result in cyclic dynamics, i.e
periodically varying populations in each category, as is shown in Fig. 2a,
3a, and 3b. Also, it can predict constant populations in each category (Fig.
2b). Previous approaches can not produce cyclic motions. We note that cyclic
dynamics appear in cell population models, which is an indication of cells

being alive. In general, it is difficult (mathematically) to understand parameter
ranges when cyclic dynamics can occur.

14 —
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Fig. 3. The dynamics of language A and bilinguals over time.
The figure shows cyclic motion. Different coefficients

Puc. 3. J/lunamuka si3pika A ¥ OWIIMHTBOB C TEYCHHEM BPEMEHU
PucyHok nokasbpIBaeT LIMKIMUYECKOE OBIKEHHE. Pasnununble ko3 duumenTs

Conclusions

In this paper, we have proposed a new mathematical model of language
shift. We have introduced the ethnic identity factor, a proxy for more
complex variables involved in self-identity and group identity. The resulting
mathematical model is rich and naturally allows for the coexistence of all
languages without adding diglossia terms. Moreover, our equations can result
in cyclic dynamics (periodically varying populations in each category), which
makes a connection with cell population models. The resulting mathematical
model can serve as a useful tool for studying language situations and

developing measures to preserve and revitalize endangered languages
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